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Methods in Algebra and Calculus Unit

Topic 1-1: Partial Fractions

Algebraic Long Division

Long division is a written division algorithm where written subtraction sums are also used to
calculate the remainders at each stage (instead of calcul hem mentally). We use long

division when we have an improper (also known as ‘t raction where the numerator

is greater than the denominator, such as % or %

here are als
in which wher&

iggest power of x in

It is not just numerical fractions that can bgjimproper/to
algebraic fractions. An improper algeb
power of x in the numerator is great
denominator.

pro

x° X +2x+

x*+2x+1" x*-5

Examples of improper algeb
fractions.

jvision
t
tiply the result of st
ubtract the result of s

be used in the ne
(4) Repeat steps ( until the highest powerint ratopis less than the

highest power w inator.

0 When e final ‘new’ numera

X' +2x+1

full denominator.
e numerator to creat

will

Exam
3x* +5x+7 . . .
SS el as the sum of a polynomial function and a proper rational
X+
°un on.
Initial step: Lay out the division as shown on the

i X +1)3x +5x+7

(continued on the next page)
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(Example 1 continued)
Iteration 1: we follow steps (1), (2) and (3) as listed above.

Step 1: Divide the first term from the numerator (3x”) by the first term from the

denominator (x).
Answer: 3x.
Write this at the top above the 3x*. ~_|

Step 2: multiply the result of step 1a (3x) by the full
denominator (x+1).

Answer: 3x° +3x.
Write this below the 3x°

Step 3: subtract the result of step 1b (3x

from the numerator (3x”> +5x 47) to create
numerator which will be us

Answer: the new
Write thi

The highest powe erator is not yet lower than
denomina for another iteration.

: the new numerator is

his as a subtraction

Step 3: subtra f step 1b (2x+2) from \
the new nu to create a new
numera ill be used in the next step.

j he QX+ 7.

he highest power in the numerator is han the highest power in the

denominator, so we stop.

en writing our answer:
e The quotient (the very top line of the written division) is 3x+2.

e The remainder (the final numerator) is 5. This goes on top of the fraction part
of the answer.

e The denominator of the fraction part of the answer is the denominator of the
original question.

3x> +5x+7 5
X X 3y,
x+1 x+1

Final answer:
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Example 2
3 2
X +4x°—x+2 . . .
Express —— ——— as the sum of a polynomial and a proper rational function.
X +x
Solution
The full working (following the steps outlined in the previous example) is as shown
below:
X +3
2 3
X + X) X +
3
X +

Final answer:

ted rational function.

kwards with this metho, S

rational function and b i in to be a sum of tw tions. We need this
method in order to e or integrate many functio

The method is:

e |Initial step: If the function is top-heav ic long division to re-express it.

: Factorise the denominator, if not alré
o: Identify which ‘type’ of factors are in the
ter).
Based on which ‘type’ of factors are involved, write the form that the final

er will take, with unknown values A, B, C etc. in the numerators.

four: Multiply both sides by the denominator of the original fraction.

five: Solve equations to obtain values for A, B, C etc. The simplest way to obtain the
values is to substitute in various values of x, usually the roots of the denominator.
However any value of x could be substituted.

ominator (see the three types listed

TyPE ONE: Distinct linear factors: When every factor in the denominator is linear and distinct,
each factor forms the denominator of a fraction in the final answer, with a constant on top.
f(x):A+B g(x) :A+B+C
(x+p)x+q) x+p x+g (ax+b)(cx+d)ex+ f) ax+b cx+d ex+f
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x+7 A B 3x+2 A B
For example: = + or — = + .
(Bx—=2)(x+1) 3x—-2 x+1 X +5x+6 x+2 x+3
Example 1
x+7 . .
Express ———— in partial fractions.
X —x-2
Solution
Initial step: If the rational function is top-heavy, gebraic long division to re-
express it.

This fraction is not top-heavy, so t

Step one: Factorise the denominatgr, if not alrea

X+7  x+7 ’
X —x-2 (x=2)(x \
Step two: Identify w ctors in the denominator.
Both fac a nd distinct, so this is ‘type on
: t of factors are involved that the final

n values A, B, Cetc. i

iply both sides by the den

e original fraction agd simplify.
x¥7) (x=24x7T) _A 2) (1)
(x=2xF1)

X +d=A(x
ain values for A, B, Cet im tain
itu ous values of x, usua f tile denominator.

could be substituted.

Step five: Solve eq
the values is to

However a

ute x = 2 into the expre
2+7=A(2+1)+B(2-2)
9=A(3)+B(0)
3A=9
A=3

(**) above:

Now substitute x = —1 into the expression marked (**) above:
—1+7=A(-1+1)+B(-1-2)
6=A(0)+B(-3)
-3B=6
B=-2

x+7 3 2

Answer: A=3andB=-2,s0 = - .
(x=2)(x+1) x—-2 x+1
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TyPE TWO: Repeated linear factors: When all factors in the denominator are linear but one of
the factors appears more than once (i.e. brackets with powers, including a factor of x"), then
the factor that is repeated requires more than one partial fraction as shown below:

e A s € gx) A B ¢
X(x+p) x X* x+p (ax+b)(cx+d)> ax+b cx+d (cx+d)
x*=7x+9 A B C 2 A B C
For example: - = + + > or — =—+—+ .
(x+2)3x—1)" x+2 3x-1 (3x-1) (2x—=5) x x° 2x-5

Example 2
X =7x+9 . . .
Express ——————— in partial fractions.
(x+2)(x—1)
Solution

Initial step: If the rational functi
This fraction is not

Step one: Factorise
On this

/. 7’

this is ‘type two’.

ite the form that the final
umerators.

four: Multiply both si
(x> =7x+9)

(x

+
Step five: ns to obtain values f; C. simplest way to obtain
the values is itute in various value the roots of the denominator.

ever any value of x could be substitut

The roots of the two brackets are x =—2 and x = 1. We will also need a third
value of x as there are three constants to find. We could use any value, but it
makes sense to choose x = 0 as that is an ‘easy’ number.

First substitute x = =2 into the expression marked (**) above:
X =7x+9=A(x—1) +B(x+2)(x —1)+C(x+2)  (**)
(-2)* =7(-2)+9=A(-2-1) +B(-2+2)(-2-1)+C(-2+2)
4+14+9=A(-3)* +B(0)(-3)+C(0)
27=9A
A=3
(continued on next page)
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(Example 2 continued)
Now substitute x = 1 into the expression marked (**) above:
X =Tx+9=Ax—-1 +B(x+2)(x—1)+C(x+2) (**)
1 -7(1)+9=A1-1) +B(1+2)(1-1)+C(1+2)
1-7+9=A(0)> +B(3)(0)+C(3)
3=3C
c=1

Now substitute x = 0 into the expressi
we already know that A = 3 and

X —7x+9=A(x—1) +B(x +
0> —7(0)+9=3(041) + B(0+2)(0

B
B
An 2andC=1, so

s one that cannot b adratic factor is irred

3 A
For example: +
(x+ 5

Example

3x* +2x+1
(x+1)(x* +2x+2)

: If the rational function is top-heavy, use algebraic long division.
This fraction is not top-heavy, so this step is not required.

Step one: Factorise the denominator, if not already done.
On this occasion, the denominator is already factorised.

Step two: Identify which ‘type’ of factors are in the denominator.

(continued on next page)
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(Example 3 continued)

There is a quadratic factor x* +2x+2. We double-check that this is irreducible
using the discriminant:

b* —4ac=2*—4x1x2=—4

b’> —4ac<0, so x*+2x+2 isirreducible, so this is ‘type three’.

Step three: Based on which ‘type’ of factors are involved, write the form that the final
answer will take, with unknown values A, B, C etc.4dfiithe numerators.

3x*+2x+1 A L Bx+cC
(x+1)(x*+2x+2) x+1 x*+2x

Step four: Multiply both sides by the denominat

(3 +2x+1) (x+ WX+ 2)
(X 12X+ 2,

ute x =—1 into the io (**) above:
3 +2x+1=A(X" + (Bx+C)(x+1)
+ 2 2)+(B(-1)+C)(-1+1)

(—B+C)(0)

iginal fraction and si

Now substi the expression marked that

we alre kn =2:

2x+1=A(X* +2x+2)+(Bx

(0)+1=2(0" +2(0)+
1=2(2)+(C)(1
1=4+C
c=-3

Now substitute x = 1 into the expression marked (**) above, remembering that
we already know that A =2 and C = -3:

3x° +2x+1=A(x" +2x+2)+ (Bx+C)(x +1)
3(1)° +2(1)+1=2(1 +2(1) + 2) +(B(1) - 3)(1+1)
3+2+1=2(5)+(B—3)(2)
6=10+2(B-3)
B=1 (some working omitted)
3 +2x+1 2 L X3
(Xx+1)(x* +2x+2) x+1 x*+42x+2

Answer: A=2,B=1and C=-3, so
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When the fraction is improper, algebraic division (see page 11) must be used first to express
the improper fraction as a polynomial and a proper fraction.

Example 4

3

Express as the sum of a polynomial and partial fractions.

x*—x-2

Solution
Step A: use algebraic long division:

in partial fractions.

e standard method from (thisis a ‘type one’ fractign).

Whe :
2=AQ2+1)+B(2-2)
2=3A+0

a=2 g=—2
3 3
2 2
Hence 2 3 3 2 2

X¥ox—2 x-2 x+1 3(x—2) 3(x+1)
Step C: go back to formula (*) to re-express the full function:

. x> —3x 2 2
Final answer: ———=x+1+ - .
X —x—2 3(x—2) 3(x+1)
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