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As you get closer to the final exam, you should be aiming ooklet less and |

This booklet is for:
e Students doing the National 5 Mat
e Students studying one or more

Formulae, Relationships or App

atics course.
onal 5 Mathematics ions and

L/

0 memorise for athematics.
e most com estions in each topic.

This booklet contains:
e The most importan
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Formula Sheet

© Dynamic Maths (dynamicmaths.co.uk)

Formulae that are given on the formula sheet in the exam (or in unit assessments)

Topic Formula(e) Page Reference
1
Volume of a Pyramid | V =§Ah See page 41
1,
Volume of a Cone % =§nr h age 42
Volume of a Sphere | V=—nr? ed2
The Quadratic —b++/b* —4ac
X = See page 65
Formula 2a
1
Area of a Triangle A =EabsinC See page 90
a b c
Sine rule — == See pag
sinA sinB sinC
Cosine rule a’=b" +c>—2bccosA

Standard deviation

Formulae that are not givep

he exa

Topic

Page Reference

Gradient See page 37
See page 39

See page 40

See page 41

See page 41

aight line See page 46
criminant _ See page 66

’ v

Pythagoras d 5 See page 73

Theorem

Imilar Shapes

.o _Opp o Adj - Opp
sinx®=—— cosx°=—— tanx"=——- See pages 77 and 82
yp Hyp Adj
— . 360
Angle inside regular polygon (n sides)=180——— | See page 69
n
Lengthin' "sh
Scale Factor for Length (s) = ENE™N 1N New Shape
Length in 'old' shape
See page 70

Scale Factor for Area= s>

Scale Factor for Volume = s®
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Brackets and Factorising

Expanding Single Brackets

At National 4 level, you learnt to expand brackets (also referred to as “multiplying out
brackets”). At that level, there would only have been a number in front of a bracket.

Example 1 — numbers in front of brackets
Expand the brackets and simplify: 2(7y+5)—4(2y—3)

Solution
2(7y +5)—4(2y —3)

= 14y +10 —8y +12
=6y+22

At National 5 level, there may be letters in front brac There may also he both letters
and numbers. The rule remains the same: multip g inside the br

number(s) and/or letter(s) outside the bracket.

Examples 2 — letters in front of bra
Expand the brackets:

(a) m(m+
Solution V

ultiply every term in the first bracket by every term
always simplify your answers — be very careful with

A variety of met aught to ensure every term is multiplied. You are likely
to use the gne you cher has shown you. Two of the most common methods
below ustrated for (a—7)(a—9), which is the question from Example 1: da
a 2x2 grid (like the grid method for multiplication of numbers on -
0). -9
awing lines between pairs of terms, using a method such as:

o Drawing lines in order to create a ‘moon’ or ‘face’ shape.

o Using ‘FOIL’ (“First, Outer, Inner, Last). x \
A/ W 7SN

(@-Na-9  (a-T)a-9)
S
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Key fact:

To factorise ax” +bx+c (when there is a number in front of the x*), we need one number
to go in each bracket. The two numbers that we need:

o  WILL multiply to make ¢ but they WILL NOT add to make b

The key to this method is to experiment and check, although your teacher has probably
taught you some ‘smart’ strategies for choosing numbers, which you should try to use!

Example 2a — where there is a number before x?
Factorise 3x> +11x+6.

Solution
Step 1: make a list of all possible pairs of numbers — order

The two numbers in the bracket will multiply to give +6. S

+6 and +1, +1 and +6,

+2 and +3 +3and +

(technically we should also consider —6 and —1; -3 and

ities are:

pse also multiply t
ere are no negativ

+6. However in this question we can ignore neg

Step 2: To make 3x*, we need 3x x X, SO X at the start of bracket.
(3x

Step 3: experiment — try dif s of numbers i |n the b ply the

brackets out to see if you ca

e first you might . But thism give 3x* +9x+6, so
this is NO

e nextyoq witéhing the ‘6’ an tt0 get (3x+1)(x+6). But this
the answer.
lies out to give 3x*> +11x+6,

: check the ans Iplying it back out to check.

ere is an alter hod for factorising trinomials. The advantages of this method
over the ‘experi check’ method are that it ought to work on the first attempt, that
we don’t nged to ¢ er the effect of changing the order of the numbers, and that it will
work f trinomial.

give 3x* +19x+6 .5

antages are that the algebra is more complicated, you need to be good at finding
ds of larger numbers, it requires a good understanding of the common factor
ethod, and some people find this method harder to remember.
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Algebraic Fractions

Simplifying Algebraic Fractions

You can simplify a fraction when there is a common factor (number or letter) on the top and
on the bottom.

oxy’ _ g/yi Yy
. 2 - /Z -
18x°y %S(x )/ 2x

A factor may also be an entire bracket. In National 5 assessments, will be'of this
form. In this case you can cancel the entire bracket if the entire b dentical on the
top and the bottom. If you cannot cancel the entire bracket, 0 ot cancel

anything inside the bracket.

e.g

Example 1
N (a+5)(a—-1) 3)(x—
Simplify: (a) —(a—l)(a+2) @T
Solution
(a) (a+5)(a—-1) (b) (x+3)(x—

(a—1)(a+2)
_(a+5)(

( a

2

-2

ith these answers c cafiCelled any further as the remaining
rent. You a or the x, as they are not common

lons, if you ar plify, you will need to factorise first and then

ackets.

le 2

Simplify

is a difference of two squares (see page 26), which factorises to be

+1)(v-1):
V-1 (v+1){u~T)
]

v+l

=
=v+1
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Example 2 — Sector area
Calculate the area of sector OAB shown in this diagram.

Solution
A= g
360

=35+360xmx3’

=2-74889357...
=2.75m’ (2d.p.) 0
Note: units for sector area must always be squared units.

Example 3 — Arc length backwards
The diagram shows a sector OJK of a circle with
radius 300 mm.
The length of arc JK is 550 mm.

)

Calculate the size of angle OJK (marked the K J
diagram).
. 300 mm
Solution 5
We use the normal formul andtheng
backwards to calculate the an g inverse o& io sides.
X ond=A ‘
360

X+360x 7Tx6 &
x360 =T 7-+600
+600-+mx360
X 04...

105.0° (1 d

he area of sector
Calculate the si

le BOD (marked x in the diagram).

i 0
ution 7 cm
We use t | formula for sector area and then go /
bagkwards alculate the angle by doing inverse operations
oth sides. D

nir? = Sector Area

+360x Tx 7> = 83-38

x360  +m  +77  x360:7+7
x =83-38+7% +mx360
x=194.992...
=195.0° (1d.p.)
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Equations and Inequations

At National 5 level, you need to be able solve more complex equations and inequations.

The method used in these notes is to do the same operation to both sides of the equation.
You must use a method to get the answer — if you just write the answer down (even if you
think it is obvious) you will get no marks. You should always double check your final answer
so that you know it is correct.

Equations and Inequations with Letters on Both Sides

At National 4 level, you learnt to solve an equation that has letters ides.
National 5 level you need to be able to use this method and to ex
more difficult equations. The basic method is as follows:

nequations and

e [Before you start (optional) — write the “invisible plus
does not have a sign in front of it already, to remj

ront of anything

: ide in order to rem
letter (‘variablesl on one side
| the term tha

terms. Our aim is to end up with all the ter
of the equals sign (usually the left, but not al
numbers (‘constants’) on the other sj
e Step two: simplify both sides.
Step three: divide to solve the

to both sides of

Solution
us signs” in 20+5=15-3a
vy have a sign L
Y2 75 =15 —
+3a /-5 -5 43a

e right-hand side by //v
e the 45’ from the left- 2a+3a=+15-5

Wilflg 5 from both sides. » 5a=10

/ =5 =5
both sides.

10
//V a=—
Step thre e to get the final answer. 5
a=2

step: double check, by substituting a = 2 into both
f the original equation:

The left-hand side is 2a + 5. If we substitute a = 2, we get 2 x 2 + 5, which is 9.
The left-hand side is 15 — 3a. If we substitute a = 2, we get 15 — 3 x 2, which
equals 9. These are the same, so our answer must be correct.

Inequalities (also known as Inequations) are solved with exactly the same method as
equations, except that there is not a ‘=" sign in the middle, there will be another type of sign.
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Quadratic Functions

Definition: a quadratic function is one that contains a squared term and no higher powers.

e.g. 3x*, X’ =4 and x* +5x+1 are all quadratic functions, but x> and x> +x> are not.

Function Notation

You need to be familiar with function notation.

Example 1

Three functions are defined by f(x)=x*+4, g(x)=5-x

Calculate:

(a) f(?) (b)  h(3) (c)
Solutions

fx)=x"+4 h(t)=4+7t

f)=7"+4 h(3)=4+7x

=53 =25

Example 2

A function is defined as f(

Solution
fla)=42

atic function is in a shape known as a parabola.

)}

e basic graph of y=x>.
nd that it goes through (0, 0).

e graph on the » 4
You must know i @.4)

y=x LD

If X2 is positive, the graph is “happy” (it has a minimum turning point).

If X2 is negative, then the graph is “unhappy” (it has a maximum
turning point).
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The graph of y =(x*a)’ +b is still a parabola, but it has been y

moved so that its minimum point is no longer at (0, 0): \

e The number inside the bracket (a) tells us how far the graph
has been moved left or right. If a is positive, the graph moved
to the left. If it is negative, it moved to the right.

e The number outside the bracket (b) tells us how far the graph
has been moved up or down. If b is positive, the graph moved
upwards. If it is negative, it moved downwards.

(a,b)

Key facts:
e y=(x—a)’ +b isa “happy” parabola. Its minimum turning point jg

e y=—(x—a)’ +b isan “unhappy” parabola. Its maximum turnj

e The axis of symmetry of y=(x—a)’ +b or y=—(x—a)’ +bhas t

For example, the graph with equation y=(x—5)° +4 isa
to the right and 4 up.  Its minimum turning pointj

Example 1
The graph shown has an equation of the

y=(x+a)’+b. It has minim

a) State the equation of
b) Write down the equatio

urning point (4, 1) .

off,
\

of symm

Solution
a) The mini in . This tells us tha
graph oved@to the right (a

(4,1) «

(b= —9
T ationis y=(x—
b ion of the axis =4.
Exa
he graph shown hsian tion of the form y =b—(x+a)’. y
It has maximu point (-2, 3). (_2, 3)
a) State ation of the graph.
b) Ais (0, ). Find the value of c.
Solution X

been moved 2 to the left (a = 2) and 3 up (b = 3).

The maximum point is (-2, 3). This tells us that the graph /
herefore, its equation is y =3—(x+2)°.
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Example 5 — right-hand side is not equal to zero

Solve the equation x> —2x—10=5.

Solution
Step 1 — check that the equation has ‘0’ on the right-hand

x> —2x-10=
side. 5

5
It does not, so we need to rearrange
by subtracting 5 from both sides.

x> —=2x-10-5=0

Step 2 —factorise the rearranged expression.

Step 3 — split up into two separate equations
and solve each equation separately.

Example 6 —in a real-life context
The area of the rectangle shown is
42 square centimetres.

2) cm
Form a quadratic equation uldte;
algebraically, the value of x.

Solution
tep 1—us ula for area of a rect

for the a
e told the are c e substitute A = 42.

— expand the fr (x+3)(x+2)=42
rearrange tQ@aget . x> +5x+6 = 42 (expanding brackets)

x> +5x+6-42=0 (subtracting 42 from each side)

Area =LengthxBreadth
A=(x+3)(x+2)

:

42 =(x+3)(x+2)

x> +5x-36=0 (collecting like terms)

Step 4 —fa e the rearranged
& (x+9)(x—4)=0

expression.
/N

—split up into two separate 19— x—4=0
equat!ons and solve each X=-9, x=14

equation separately.

Step 6 — check whether each solution makes sense in the given real-life context. If it

does not, reject it.

An answer of x = 4 makes sense. However an answer of x = -9 makes no sense as it

would lead to negative lengths. So we reject x =—9 and our final answer is x = 4.
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The Quadratic Formula

Formula. This formula is given on the National 5 Mathematics exam paper.

—b++b> —4ac

The roots of ax’ + bx+c=0are given by: X= >
a

The quadratic formula can be used to solve any quadratic equation. We usual
you can’t factorise the expression. Answers usually require rounding, and sg th
may include the instruction “give your answers correct to 2 (or 1) decim
Remember you should always state your unrounded answer before rg

ot be able
to complete the formula. This me
e You have made a mistake with ne
(realistically this is the

working
an exam).
likely in an exam).

= 0’ on the RHS. It does, so we can proceed.
a=3,b=2,c=-6

¢ (the discriminant, which will be square rooted in Step 4).
x3x(-6)=4-(-72)=76

into the formula and solve.

—b+~b* —4ac

= 2a _
—Zi\/% Essential to
X=—T— remember to
6 include brackets
¥ when typing into
XZ(_2+—\/7_6) = (_2_\/%) the calculator!
6 6
=1-119... =_1-786...
=1-1(1d.p.) =-1-8(1d.p.)
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Example 4 — similar triangles
In the diagram, triangles PRT and QRS are 15cm 25cm
mathematically similar. Q
P R
X
S

PQ=15cm,QR=25cm and PT=32cm.
Calculate the length, x, of QS.
32cm
Solution T

Firstly, notice that PR =15 + 25 =40 cm.

t o triangles can o

Next, it will be less confusing if we redraw the dia
be seen side by side:

40cm 25cm
P R
X
32cm
Now, using t xample 1 and I

Step o Ic e scale factor for,

ctor for Le

0: calculate the
not need to,

question is not about area or volume, so we do
e the scale factor:

Lengt 25=20 cm
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Converse of Pythagoras

Pythagoras’ Theorem says that if a triangle is right-angled, then @’ +b> =¢*.

It can also be used backwards: if a® +b*=c?, then the triangle must be right-angled.

This rule is called the Converse of Pythagoras, and can be used in a triangle (when all three
sides are known) to check whether or not an angle is a right-angle.

The procedure is:

1. Calculate the square of the longest side.

2. Do a separate calculation in which you calculate the sum of square

shorter sides.

3. Write a conclusion:

a. If the two answers are equal, then conclude that th

b. If the two answers are not equal, then con

angle.

is a right angle.
le is not a right

Marks for writing conclusions usually expect precisi past mark schem
conclusion has typically required three criteria t

1. Ananswer to the question asked (e.g. ‘y

Example
The diagram shows

The distances

6:2 km

ate it yet. You will lose at least one mark.

guare of the longest side:
09

Step two the sum of squares of the two shorter sides:
8-7°+6-2°
=114-13

a

ree: write a conclusion containing all three aspects listed above:

The following sentences would be likely to be suitable (you would only have
to write one of these):

e 114-13+#106-09 so the angle is not 90° so no.

e No because 114-13+#106:-09, so angle HGF is not a right-angle.

e No. Not right-angled. 8-7* +6-2> #10-3.
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Trigonometric Graphs and Equations

Graphs of Trigonometric Functions (sin, cos and tan)

You must know what the basic graphs of sin x, cos x and tan x (trigonometric functions) look
like between 0° and 360°.

y =sin x

90 1

8 270 360

i e dotted lines ’of the graph but they
n itely high/low s the line. The graph never

60°. When extended, the graphs
ey are called periodic functions.

In the graph of y = tan x
indicate where the
quite touches the

All of the grap

IS how many times the basic graph shape repeats

asure of the ‘height’ of a sin or cos graph:
imum 1 and minimum —1) both have an amplitude of 1.

asinorcosg a maximum of 8 and a minimum of —8 would have amplitude 8.

Definiti e period of a graph describes how many degrees it takes to make one
compl le of the basic graph.

360°

Period =———
Frequency

In the equation of a sin, cos or tan graph, the frequency is the number multiplying x. It
is represented by b in the equations y =sinbx, y =cosbx or y =tanbx.

e |nthe equation of a sin or cos graph, the amplitude is the number multiplying sin or cos.
It is represented by a in the equations y =asinx or y=acosx.
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Example 4
The graph shown has an equation of the

form y=tanbx. State the value of b. y

Solution
The basic graph of tan repeats twice
. 90 ¢
(compare to the diagram on page 79).
Therefore the frequency is 2.

X

60

30 /270

Answer: b = 2 so the graph is y=tan2x.

Moved
45° |eft

30° right

Equation Frequency Amplitude
y =2cos(x +45)° 1 2
y =sin(x—30)° 1 1

Example 5
The graph shown has an equati

form y =asin(x+ b)°.
State the values of a and b.

f the

Solution
The maximum a

his y=6sin(x—45)°.

ph has been moved up (down if the
or tan graph, the vertical translation is the

Vertical translation Moved

3 3up
-1 1 down
The graph /n has an equation of the 9
y=cosbx+c.
the values of b and c. 1
X
is the frequency. The graph repeats 90 180
once in 180°, meaning it will repeat twice

in 360° therefore b = 2.

A cos graph would normally have y values between 1 and —1. This graph goes
between 2 and 0. This means it has been moved up 1. Therefore c=1.
Answer: the graphis y =cos2x+1.
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Applications Unit

Trigonometry in Scalene Triangles

Area of a Triangle

To find the area of any triangle you need the length of two sides and the size of
between them.

Formula. This formula is given on the National 5 Mathematics exam
1

Area of a Triangle:

where a and b are the lengths, and Cis the angle in betwee

Example 1 — calculator allowed
Calculate the area of triangle PQR.
Give your answer correct to 1 decimal p

Solution
In the formula, a and b are th
a=8,and b=12.

ths, so we use R

etwole tgs

In the formula Cis thg angle be

. H
=5 centimetres
=12 centimejge
3
sinH= T 5cm 12 cm
Calculate of triangle HJK.
K
Solution
I e formula, a and b are the lengths, so
use a=5,andb=12. J

3
ormula Cis the angle between the two lengths, so sin C = E:
A =labsinC
2

A=(5x12)xi+2
10

A=60+10x3+2

A=9cm’
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2. Inadiagram by joining them ‘nose to tail’.

N

Nll

u+v=
-2

a+b=>b+a,ie.theorderin which vectors are added d

\| —7 T
u v

'_

QY 2

r. a—b=a+(-b).

We canalso s y adding the n

ut what the combined effect of more than

resented by the vectors a, b and ¢, where:

-1 0 4
a=| 3 b=| -5 c=|0
2 6 2

late the resultant force. Express your answer in component form.

(-1)+0+4 3
he resultant force is given by a+b+c=| 3+(-5)+0 |=| -2 |.
2+6+2 10
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Example — vector pathways (adapted from SQA specimen paper)
In the diagram, OABCDE is a regular hexagon
with centre M. Vectors a and b are represented

— —
by OA and OB respectively.

— —
Express AB and OC in terms of a and b.

E
Solution
For AB:
Step one: identify a path from A to B.
One possible pathis AO, OB.
Step two: express each part of the path in vector:
AO = backwards alonga, OB=
Therefore AB=-a+b (or b-a
For OC:

Step one: identifya p

One possibl

—_—
> MC . ’
nown vector:

Step two: e eac of the path s
n re both the s 5 ichisb—a (from part (a))
r C=

2(b—a) or2b-2

of a vectoris th a vector. The magnitude of the vector a is written
vertical lines, a|

agnitude of a yecto d using a version of Pythagoras’ Theorem. There is also a
ee-dimension nt of Pythagoras’ theorem that can be used to find the
magnitude of a 3 when its components are known:

T

Formul hese formulae are not given on the National 5 Mathematics exam paper.

a
The magnitude of the vector az( 1] is given by |a| :\/alz +az2 .
a

2

a

The magnitude of the vector a=| a, | is given by |a| = 012 +az2 +a§

a;
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